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01 Preliminaries: Mathematical Foundations of Statistical Learning

 Machine Learning?| X[Z X9l = H = generalization errorg Z|22tot= A
= Given Sample (x1,v1), ..., (xy, Yn)~D,
» Find Function h € ' for new sample (x,y)~D,
= Minimizes R(h) = E[£L(h(x),y)] for some loss function £

« Training error R(h) =% LL(h(x), y))E, ML 222 training errorE ZX|ASI5HE 9ako 2
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under-fitting . over-fitting

. Test risk
: VC(H)) = .
R(h) < R(h) + O(y/ VEHD) i
bias variance N — _
~ o Training risk
sweet spot\;. ~ - _ _
*H 2| capacity: 23 7+0| random dataE fittingSt= &3, Capacity of H

Rademacher complexityLt VC dimension2 2 F7 & 3/18



01 Preliminaries: Mathematical Foundations of Statistical Learning

» Deep Learning?| 452 &4
= Deep Learning Z&H2

L-O 1

= J380|= =51 training error@} generalization error 2
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Double Descent!
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% “classical” “modern”
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02 Double Descent: Virtue of Complexity in Statistical Learning

- Double DescentZ! interpolating regime*0f|A{ 2 &
MO Z LYot &4 2, 3]0(|A O] 40| B

[2]

Zero-one loss (%)

Squared loss

[ Belkin et al, 2019
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STt 37V & generalization error7t Z A 5=

[3] [

Nakkiran et al., 2019 ]

Classical Regime:
Bias-Variance Tradeoff
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02 Double Descent: Virtue of Complexity in Statistical Learning

* Problem: 7|& 435 O|2C=E 4T Z7tsc Ao &
= Double Descent #1&H2 CtASH ML/DL ZEOAM AHZE 2S5 34
» O™ EXStE 0|2 (bias-variance trade-off ) S 2= 0] HAS 2
= AN E HEEI= 527 AH0 Cfst O|EX ZHI0| 2

—

« Solution: Double Descent & &H0f| Lot O|2X ECf {1
. 4315 20| 80[8t 4% DA Double Descent $4-S ATStaE AZ7} SMHO2 0|20
= MY D3 2M2 Neural Network®| A2 Double Descent O|&li0f 523 &Hzto| &
= (Rt MY 2R Neural Network 2t G2bd 2 8ol =8 A
> [4, 5] Random Fourier Feature Regression= Kernel Regressionga 21H O = B A}
> [6] Neural Network2| st& 1t 0| Kernel Regressiondt 2| &X|gt

>Double Descent it & ZEOM 0|22 = dFotdd= A|=7t O[O0 H [7, 8]

X Z&dt= A [9,10]0|M MY mEo| EX = (mato|E $)& =H S /8 Random Fourier FeatureE 0| &

G, is original input data,

S = [sin(yw[Gr), cos(ywGo)], @i ~1.i.d.N(O,D), (# of w; drawn) controls model complexity
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02 Double Descent: Virtue of Complexity in Statistical Learning

- Hastie et al. [9]= O[T A+ [7,8]18 &, well-specified/misspecified linear model| A ridgeless solution*
o YBte}t 452 model complexity2| gt=2 HP1> Double Descent 21&f0f| Lot O| 2N AW

[ well-specified linear model ] [ misspecified linear model ]
T : | . T T , :
yvi=x; B+e, i=1,...,n § vi=x; f+w;04+¢, i=1,...,n
n,p—>oo p/n—y n,p— o0 p/n—vy
Isotropic features Misspecified model, SNR=1 Misspecified model, SNR=5
S | — SNR=1 S 1 — a=05 } & 7 a=05
- SNR =233 — a=1 ‘| a=1
—— SNR =3.66 — a=2 /\ a=2
— SNR=5 -_— a=5 | a=5

15
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¥ Y Y

*ridgeless solution: 2-& training Sample= fittingStH A 74& L2-normO| %2 solution 7/18



02 Double Descent: Virtue of Complexity in Statistical Learning

e

Moz HYe JhssiLh 02X s 2 oM 25E

oo

 Neural NetworkOj|A| Double Descent &= &

Double descent for random ReLU features 1in 1-D

PROPOSITION 1. Initialize ¥ = 0. and consider running gradient descent on the least
squares loss. yielding iterates

/\/\ 30 neurons ,B(k) _,B(k_n +TXT( ) X,B(k_l)), k=1,2,3.....

where we take 0 <t < 1 /Amax(XT X) (and dmax (X' X) is the largest eigenvalue ofXTX)
e Then limg_, », X = ﬁ the min-norm least squares solution in (6).

w (6) = argmin{||b|> : b minimizes ||y — Xb|3}.
% 3000 neurons

ed ol T over-parameterized 220 Ci3t gradient descent 24| 2| st
Non-parametric BE min-norm least square solution(ridgeless solution)2 2 =& A|Z

o T ] model

. Parametric
model

° 3 neurons
T # parameters
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03 Virtue of Complexity: Application to Financial Machine Learning

-

- o8AAES S0t SN2 R2Y &g

« IEAALY £4: Data Volume versus Signal-to-Noise Ratio(SNR) Trade-off

o[
" o0

> Data Poor Environment> ML 22 data poor 24 0|A = & XSSHX| (S
> Weak Signal-to-Noise Ratio> ML 7|8l 2 ZHESI= A2 noise”tX| overfitting® F&{7} U=

MMl ga8AAE 22 & 25 (Occam'’s razor)
> St BHECH= Sj47se Bheet B3 M (Parsimony principle)

> Risk management 2 ME E&SH DE L varianceZt A 7| 0| H| M= =
g

ANAE B2 0N ST BHover-parameterized) 22| £4

£9E 05, ZEEZ R X3l SO|A Neural Network 7|8t B EO| FE3F Otst MH1p7p %2 Ch4 EDE
E&ot ZEO| Bt B H|sH o F ds &2t OfL| 2} Economic Value ZHOME O L2 HOIE 2
NAAEHA HAAE2 "a8A4€ B2 =4 Z20| O E57etes 20 =22
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03 Virtue of Complexity: Application to Financial Machine Learning
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« Kelly et al. [10]= |28l Research Question= O|=2.HF&o =2 A
= Goal: XA =2 F 0= 2 E(ridge regression)2| 0f ES
]

= well-specified model: true DGP*Q| 2 & signal& Zgt

o 1 ox
i
u
S&
ox

2 (model complexity ¢ = P/T)

= misspecified model: P;(< P)7H2| signalZt AFESH0] 2225 F2(model complexity= cq, where q = P,/P)

true DGP model

Ry = Sé,B T+ E41

S; € RP (signal)
f € RP (estimator)

well-specified model

Rev1 = St + €41

T T

~ 1 1

B = (@I +% ) SSHTZ Y SRy
t=1 t=1

misspecified model

1)/
Riyq = (S,f )) B+ vt

s e RPLP, < P
T

T
~ 1 1 11 1
@) =l +2 ) 5PN TS 5ORe
t=1

t=1

*DGP: Data Generating Process

% EXt AIHS DR EfO| Y F2o| £ABRT, = SIA(DR.)7IE 5
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03 Virtue of Complexity: Application to Financial Machine Learning

« Main Results of Kelly et al. [10]

= Random Matrix TheoryE 7|82 2 +=2UE 0|FdS(R?) = model complexityO Lot &+-2 HH
= O LtOt7t OFZ EfO| ™ M 2ko| EXHdIt(Sharpe Ratio, i.e. SR)E model complexityOil Ciet &H+=2 EH
[ well-specified model ] [ misspecified model ]

In the limit as T, P — oo, and P/T — ¢, we have In the limit T,P,P; — oo, P/T — ¢, and P;/P — q € (0, 1]

. R . 3 —1g, . Ay

€z ) =lim El7 R4 f(2)] = b,v(z; ), | Ezieqiq) = imEl# e Rei1lf] = beg ("(2: cqr) + L ?(’1(2’ Cq3q))

K 3 5(z5¢cq:q
L(z;c) =1lim E[#7|f(2)] = b,D(z;¢) — cv'(z; ¢), 1 . -

e . L(z;eq;q):=1mE[#:(2)°|f]l =q (6*9(22 cq;q)

R?%(z;¢) = (?—T-)b_w (Z’c), — (1 + b.[¥i 1(1) — g 1 (@I (25 ¢q; @) + Alz; eq; q)

* Wk 1 Rz co: ) — 28(z;cq:q) — L(z;¢q; q)

| G = 1+ b,y,1(1)

Weic) = imE[(#(2)R,1)? ] = 20z )P + (L+ byp1)Llze)  Weiegiq) o= lim B[ Ge(2)Ry 1% ] = 20805 ¢q; )% + (14 bat1) £(z5 g @)

£z ¢) 1 o

W(z; L(z:c) | i -
VV(z; ¢) \/2 + (1 + b*W*l) Ez:0))2 3 \/V(z, cq;q) \/2 + 1 + b, 1) Lz cqqqq);E

11/18



03 Virtue of Complexity: Application to Financial Machine Learning

X b, = 0.2, 7} identity matrix@! 4<%

« Theoretical Analysis of Prediction Accuracy

= under-parameterized model: model complexity?t S7}2+E Rz A8t A
= over-parameterized model: model complexity?t S7t&+5 R? T7t5t= 4
[ well-specified model ] [ misspecified model ]
w »
0.3 - ' - ' —
——Ridgeless § — Ridgeless
—2=10.01 I —2=10.01 |,
0.2 ] 2 —01 L 0-2 z=0.1
0.1 ——10 i 0.1 r —2z =10
—— 2 =50 2 =50
0.0 B —_—— Truc = 3 0.0 cq = 1 =
\/ ¢ = .
0.1 ¢t - -0.1
0.2 0.2
-0.3 ' 0.3
0 2 4 6 8 10 0
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03 Virtue of Complexity: Application to Financial Machine Learning
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« Theoretical Analysis of Investment Performance

= well-specified model: model complexity?} S7t2ts=5 Sharpe Ratio Z25t= &
5715l 8¢

F

= misspecified model: model complexity?} S7t&<5 Sharpe Ratio

= 0.2, 7} identity matrix® &<
O—!%(Rtﬂ = Stﬁ(Z)Rt+1)7| F=E

[ well-specified model ] [ misspecified model
Sharpe Ratio Sharpe Ratio
0.40 - 0.06 -
—— Ridgeless
___________________ —2z=0.01 | 0.05
0.30 I
10 0.04 |
——2z =50 .
0.20 r ~ — True 0.03 ——Ridgeless| |
—2 =0.01
c=1 z=0.1
0.02 | o
—2z=1
0.10 —2z =10
0.01 ——2z =50
cqg=1
0.00 0.00 :
0 2 4 6 8 10 0 2 4 6 8 10
C cq
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03 Virtue of Complexity: Application to Financial Machine Learning

Data Description: CRSP value-weighted index (1926-2020, monthly)
with 15 predictor variables from Goyal and Welch (2008).

. Empirica| Ana|ysis of the US Stock market Random Fourier Feature was adopted to control model complexity.
= empirical R?, SR plot2 misspecified model2| theoretical R?, SR plotlt FAlSH I EHS 2
= & AX HOIHOME model complexityE £8+5% 0|5 45 A FAt d1t7F £20tX|= A A0| & E

1y

Panel A: R? Panel A: Sharpe Ratio
0.0 \//5____?——/ f/_
;
05 1 | ‘:’ | 040
| |
1.0 | L 0.30
| —logjg(z) = =3
15 | —logyp(z) = —2| |
logyg(z) = —1 0.20
| —logyo(2) =0
20 —logyp(z) =1
——logyo(z) =2 0.10
2.5 —logp(z) =3 | ]
=
3.0 - e
0 10 20 30 40 50 990 1000 0 10 20 30 40 50 990 1000
C C
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03 Virtue of Complexity: Application to Financial Machine Learning

- 25 A4 [11, 12]0|M & Financial Machine Learning®| Al Virtue of Complexity 21&t2|

[11]
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[ Didisheim et al., 2024 ]

Panel A: Expected Return

‘
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r', b AN
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Panel D: Pricing Error
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‘
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Figure 2: Out-of-sample Performance of Complex Factor Models
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[12]

Sharpe Ratio
>
[N

AlIEZEH = =13 L=
[ Kelly et al, 2024 ]
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Figure 6: Complexity and Transformer Model Performance
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03 Virtue of Complexity: Application to Financial Machine Learning

(&) Kelly et al. [10]0] CHBt H|ZF vs. Kelly and Malamud [13]2] St

At Kelly et al. [10]0f CH®F H|Et Kelly and Malamud [13]2] gF&}
> zero-intercept 732 & L7l RHE 20t0f M2t 2EO| StEE|
= WS X[5H7] Yot 7Y, HHME interceptE Z&St= ZEH2 ZH
BUNCiC | > zero-intercept 72 2101, BIIXIEE FASs gag up | B DI B8 GRS =2
o e g = ST 893 > BuncicO| XIotste ZIAMAIOM Eia BES 2T YNE BUO| g
[14] G oEm st H EERe =6 1,0/ MUHoRE BN BEE £ £ 9IS
> CHadt BYS SRS =SX| 22tk CH2 X Mat X|ES(Information
ratio 5)= S&ct 22 OHE| o1X3| H=
> 0% waof 3 QX EXIE 2Wo| HEMO| BHEAE | > Cartea et al.2] 0|22 Kelly et al. (1004 HHSH 0|20 Sgt HP
Cartea et al. O|2X¢Ql SR & > LLO|=5 &Z&3| F7I5HH 0| RHO|= FUHX|A &
[15] > AFZ oS B0l YW £F 0|40 =O|XE UM U | > BHOE L0|xZ FJI6}0] BHE GIO|HE B8 MY A= A
StH Rl EfY0| S7te+& SRO| HAa M| CIO[E M AT ded Z2atet oErE
> SED DUO| 4F2 oS W40 XHN0| VS WMEN B | > 0F ¥40 XHYT JEM DXL SIS UK £04E1 28
Nagel TE MEfol Atz TPt st50| & ZA0| oF oF JtR O S5 2 ESHH 0|55 At2td
g > CZMoz 498 HO|E YHS F0 2 RUL G| | > O ChATE HASLE 0fX Hot ofZ (A AfO|o| TEES 2HO| &
[16] DUE HaS MYl 2 £9E 7= Aoix| Rohs A goig
> tthot RBE MEfoz S RES DA = UAF > NagelO| H|¢tot= HE2 2E 2| SF(distillation)
. . e b 2 = e F— H b~ ) | - A
>"“Virtue of Complexity”0f| Ciet O| 2-&SH EIFdS T A oM &Rc =40] HI|= O|oX|= 5
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04 Summary and Discussion

under-parameterized

Test risk

over-parameterized

'an “classical” “modern”
E regime interpolating regime
~ JTraining risk:
- _ . _interpolation threshold
Capacity of H
Pre-Deep Learning Era Post-Deep Learning Era
(under-parameterized model) (over-parameterized model)
P P
Statistical Learning Bias-Variance Trade-off Double Descent
Mackfilr?snLcelzlrning Occam’s Razor(Parsimony Principle) Virtue of Complexity(?)
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04 Summary and Discussion

« Main Theoretical Results

= Double Descent: over-parameterized misspecified linear modelOl| A, signalO| &=5| 22 E|1 sample size@} &2
O| parameter =7t 25 £t F M, generalization error= 22 =& &= (=number of parameters divided by
sample size)7t S7F2H0f| 2 4 7“‘

= Virtue of Complexity: over-parameterized misspecified linear model= §*%3._F & 01|*01|*'| Aot H40| R?
Off CHOHAM = LtEfLITH, siE 23 7|2F &= At T =F2| Sharpe Ratio= 22

O
= Important Notes on Theoretical Results: 0% targettt F2t5t featureE _I?_I_II-O —’;57P3H Soo| i El S [0
SHX| o, HIOJE 2l ¥o| Bt EX(SNR)O| E2=2+5 ML-DL HRHES| 40| /|MEl= A2 05| 2| Tl

 Further Research related to “Virtue of Complexity” Theory
= Finite Sample SizeG|A{2| O|2X AF
MX S EAALEL B2 =& HMTHH 0|22 data poor BHE0|AM ST DOl Lttst M0 L O|2X AT ER
= Neural Network Z20|MO| O|2X AHF
Neural Network®| S 0|(width)L} Zi0|(depth)Ofl CHsH S&Hdo| O|HO0| Late|H HESH=X|0 Ciet O| 25 £M T Q
= Cross sectional 22 0|AMO| O|EX AT
ChFot XpAtS CH& Cross sectional A0 BEO| S&-H0| H1t0f O|X[= Feof Cigt o2& A+ He
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Appendix

[ Belkin et al, 2020 ]
(B2 + %) - (1+ 722) ifp<n—2;
E[(y—:B*B)z] = < +o0 ifn—1<p<n+1;

1Bz]I* - (1 B %) + ([| B> + o) - (1+ p_ﬁ_l) ifp>n+2.

[ Bartlett et al., 2020 ]

R() §C(|9*|2|z|max { O(EJU(D\/W}) + clog(1/8)a ("—+ Rkjltm)
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Appendix

[ Hastie et al., 2022

PROPOSITION 1.
squares loss, yielding iterates

pE — gk=D L ixT (5 —

X,B(k_”)

Initialize B'°) = 0. and consider running gradient descent on the least

where we take 0 <t < 1 /dpax(XT X) (and rpax (X X) is the largest eigenvalue {}fXTX}
Then limg_. o, 8% = ,B the min-norm least squares solution in (6).

[ well-specified models ]

T .
vi=x; B+e, i=1,...,n
E(x;)=0,Cov(x;) =%

E(e;) =0, Var(e;) = o2

p/m—=y |Bl3=r> SNR=|B|3/0*
021 Vy fory <1,
Rx(B: ) — -
' .rz(l—l)—l—a2 l Jory = 1.
y _

[ misspecified models
vi=xl B+wl6+e, i=1,...,n
2y Xyvw
COV((X.{, w,)) =2 = |:Zzww Ew i|

pin=y =813+ 1013 «=I8I3/r

_K) +O’2)]L

F2(1 — k) + (;‘2(1

Rx(B: .0) —
* Irz(lf()—}—rzx(ll)—l—(rz(lfc)—l—az)
Y

fory <1,

fory = 1.
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Appendix

[ Kelly et al., 2024 ]

ASSUMPTION 2: There exist independent random vectors X; € R” with four fi-
nite first moments, and a symmetric, P-dimensional positive semidefinite matrix

v such that
St — qjl/ZXt.
(Y11 Y2\ m(B)=S.p
\'IJ - / \-IJ T R
12 *272 t+1 = TTefvp 41

THEOREM 1 (Virtue of Complexity): Suppose that signals are sufficiently mixed
(so that H(x;q) does not depend on q) and tr(WV;oWs 1) = o(P). Then, with
the optimal amount of shrinkage z,, the Sharpe ratio SR(z.(q;c);cq;q) and
R%(z.(q;c); cq; q) are strictly monotone increasing and concave in q € [0, 1].

Sit = [Sin()/ngt), cos(y w.Gy )]I, w; ~1.1.d.N(0, 1),
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Appendix

Kelly and Malamud, 2025

Traditional Approach Machine Learning Approach
& I i
g 3
) _ 8 2
5 2w |2
guw 28 |3 Ny
x- 8 g T “
2 — &
» T E [T,
oy 2 i ” &2
=g S é ae i
e 3E 5
8¢ g §e
ié LK
IS Model OOS Model True Model IS Model 0OS Model
Figure 2: Limits to Learning, Overfit, and the Complexity Wedge Figure 16: Limits To Learning and Ensembles
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