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Background

*  Optimization under Uncertainty
Phase 1:
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Stochastic Programming (SP) [1,2]
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Phase 2: Robust Optimization (RO) [3-5]
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Phase 3: Distributionally Robust Optimization (DRO, Moment-based) [6]
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Phase 4: data-driven / Wasserstein DRO [7-9]
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* Notation
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«  WDRO - Esfahani & Kuhn (2018) [8]
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«  WDRO - Esfahani & Kuhn (2018) [8]

Step 3: Tractable Reformulation
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Step 4: Example - Mean-risk portfolio optimization (CVaR)
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Fig. 4 Optimal portfolio composition as a function of the Wasserstein radius £ averaged over 200 simula-
tions; the portfolio weights are depicted in ascending order, i.e., the weight of asset 1 at the borrom (dark
blue area) and that of asset 10 at the top (dark red area). (a) N = 30 training samples. (b) N = 300 training
samples. (¢) N = 3000 training samples (color figure online)
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Fig. 5 Oul—of—sam_Ele performance J(Xyi(g)) (left axis, solid line and shaded area) and reliability
PY[J(xXy(e)) < Jy(e)] (right axis, dashed line) as a function of the Wasserstein radius £ and esti-
mated on the basis of 200 simulations. (a) N = 30 training samples. (b) N = 300 training samples. (c)
N = 3000 training samples
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Average Portfolio Wealth Excluding Continuous Time Markowitz

+  WDRO -Blanchet et.al (2022) [9]

Step 1: Classical Markowitz portfolio selection problem

wealth
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Methodology

Notation

«  Step1. returndistribution2} EBM &

* Step2.EBM

N: rolling-window L H2HY 2= (584 HeHY; 252*5)
d: Apib == (O[O & Allof| k2t 2F2F 49; 100)
B: 2t BHEX|0| M M SH= Gaussian noise 3= (10)

§i € R Ih ALP2| (Kt =S4 F)0[M 2] 2t =

>

I Aol=2
=

III-I N0|O| de X'-

2O X, AHS
QE XM E 0f|55t= 20| OfL|2t 22| 24X X E LIEI = scoreE ab&

scoreE 7% ground metricQ 2 2t
uﬁlﬁ
Score-information0| 2 Blsk2 171 01248

]
0|Z Euclidean metric 2 2260 QHH X0l |dentity—an

O

sh& 3t scoreQ| squared magnitudeS

7/13

po.(x) < exp|—Ey, (z)].  sp(x) =

(b

() Et i
b.E,I .q.-I i o

Lpsu(b) =

TINS

i=1 b=1

=

B

h_;! =
i=1 b=1

dhl.:

V. logps (x) = =V, Ey (x) € R

by (b}
Zy, =@ 06,

e ~ N(0,1,),

NlB ZZ ["9 d (‘7’“ ”

DFBM = diag (

M; = (1 — B)Li + B DM,

- -
e hes

dﬁd.ﬁ
Xt he

0<8 <L

b=1,...

, B.



Methodology

+  Step3. &&= metric@ 2 ambiguity set 114
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Primal witness: Ty(x,) = x + 6, 6 lu=¢
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Experimental results

* Data
Fama-French 49 industry portfolios
- Kenneth French Data Library2| 4971 4t ZEZ2|Q UHE &
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Random 100 Stocks from the S&P 500
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*  Experimental setting
- 5 train, 1E test?! rolling window &4 (single period rolling window)
- H|X 2&:M1: WDRO (Blanchet et.al (2022)), M2: 3£+4F 2|8 DRO, M3: Ledoit-Wolf 7|2t DRO, Equal-weight
- O} X|H: Total return, CAGR, Sharpe, Calmar, MDD
- =R!10bp

10/13



Experimental results

Fama-French 49 industry portfolios
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Net wealth (log scale)

3x10°

2 x 107

109 4

Experimental results

Fama-French 49 industry portfolios

Primary walk-forward net cumulative returns

—— ML1: WDRO
—— M2: Mahal-DRO
— M3: BCZ-LW
m— M4 SA-DRO
m— EW 1M

T T T T T T
2016 2018 2020 2022 2024 2026
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== PRIMARY WALK-FORWARD 00S | start=2015-83-82

Model

M1:
M2:
M3:
M4 :

EW

WDRO
Mahal-DRO
BCZ-LW
SA-DRO

1M

+213.
+142.
+145.

+225

Total Return

A2%
29%
81%

LTTE
+238.

a7%

CAGR Sharpe Sortino

+1@.79%
+8.26%
+8.40%
+11.18%
+11.55%

8.721
8.621
a.638
8.739
a.69a

8.871
8.743
8.753
8.897
8.862

Calmar

8.386
8.244
8.243
8.313
8.382

-35.
-33.
-33.
-35
-38.

MDD Turnover

26%
92%
87%

.18%

25%

9.58%
25.43%
24.64%
18.67%
25.26%



conclusion

*  Summary
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Appendix. A

Max 2|2 Hat o« 17 - D Yt
T T T T 2
min  En[w' —max EAl[(—=w)T - LetEg[w'¢é] = a, Varp(w'é) = w'Ey[&€'lw — a?,
onin, Eq[w'¢] = —max Eq[(-w)'¢]
Qegza(plg ) TVarQ(f)w rggg{QEmaé] w'Eg[EETw — a?}

Strong duality H-& (Esfahani & Kuhn (2018) - step 3)

max Eq[(-w)¢] = inf {15 + %2?’:1 d’a(fi)}’cba(xi) = sgp{(—w)TE = AIE = x:llZ}

D () Al

D (x;) = Slip{(—W)TA = ABIZY = w'x, A= ¢ —x;

slip{(—w)TA — MlAlZ} = sup sup {(—w)'A — 2t7} = sup{llwll,t — t?} = ||w||p & ||w||p)

llAllg=t 20

max Eo[(—w)¢] = inf {/15 +—2 ”W”p } — —Zl wix; =Vllwll, —w'x

- AM-GM: ialf{la +3} = 2vab,
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Appendix. B

Hefo| 271! 2A

- Q,EQTvﬁé]:aWTEQ[SfT]W = /1112%52 Sgp {]EQ[(WTf)Z — Mc(x, &) — L,w'El + 1,6 + Aya}

=0, FESup {0107 = eCrn ) = Aow'E) +416 + Ao D) = sup(w'E)” = Me(i ) = Aow'E)

D (x;) A4t

- 00 = suplW'D)? — Ay, §) ~ Aw'E) = sgp{(wkf)z — L lIE = x;lIZ — 2,w'E}
= sup{(w'(xi + )7 = A4llAlIG = 2w (e + M} A = ¢ —
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- sup{(w'A)? — 24 [1AllZ + 2w'x; — ) (W'A)} = sup sup {2 —1t2+ Qw'x; — 1,)shs = w'A
A

t20 se[-tllwllp.tliwlly]

= sup {(Iwllz = 21)t% + [2w"x; — 25| - lwll,t}
- D) = (W) = Lw'x; + sup {(Iwllz = 21) % + 12w'x; — 45| - Iwll,t}
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(2wx;i-2,) lwli3
(421 —lwlI2)

= (Wix)? = w'x; + A > wllg
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Appendix. B (conti.)

A [ Xzt

- H(wAp) = =T () + A48 + dpa

2c _
- . C=a-w'x
Wiz

- A O thol 0|2 2 FE[- A5 = 2a

2
2CA
2wlxj—2a——2) llwll3
wii3

(42— Iwl2)

- Pl = Wx)? — (20( — ZC'M)WTxi + , C=a—-w'x, di=wi(x;—X),k=24 —|lw|lz >0

2
Wl
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2
wliz

2
= d? (1 + %) +d;2w'x — 25+ 2C) + W'x)? — w'x +

K

C?%k
2
Iwli5

2
2500 = (14 M) wivarGw + W'D —2w'x +

H(x) 8e| - t=-215H8

2 2,7
- HGO = 250G + (4 IWIZ)S + Apa = wiVar(w + W) + 2aC — 22 + Slwl2 + « (5 2 ) Ll Farta)w

- 2
Wil

= w'Var(x)w + (W'%)? + 2aC — 2C? + §llwl; + 2 /5||W||22, — C%/w'Var(x)w

- h(a,w) = EglwW'O?] + 2(a —w'H)w'x + Sllwll; + 2\/6|IWII§, — (@ —w'x)2/w'Var(x)w = (\/WTVaI'(X)W + \/gllwllp)2 + a?
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Appendix. C

Worst-case variance
Ty — iT T
(P ) = {Q: _inf B [(X-3M(X-3) <6}, M- V/ Vasq(ue) =/ Vas(w X + w7 )

<\ w Sw+ VE[(wTA)?
n= V8, qar (w) = 4/ w™ M, 1w, —
<V w' Zw + g, (w).
22 DRMV primal:

T T
- w X —w' T
i w’ s =1\ w' Bw, A ———
min 3}5635{Var(3(w &) P
t. minEglw'¢) = p
s é?:i% Q[w g] = Pty

Equality-achieving perturbation:
17w =1, w > 0.

M, 'w

Aj =t

M, - 00|22 qur, (w)
=Mz,  E=M"¢  @=M "u E[(Ay) MAY =n',  w'(E-EE) = (s +ngu(w)) Z.

(=& Mz -8 =|Z—-E&l3 @2 = qu(w). tr2tA

2t Mahalanobis 2X|E Euclidean BCZ 2H|2 22,

3
! £) — T$ , 3
%?ﬁfva\l'@(w &)= (p’w th—i—f;q,q.;r(u)) .

Worst-case mean

A—=-X, ]E,F[ATMtA] <o Tractable reformulation
Eolw'€] = w' & + Eq[w” Al min  \/w' Sew + ngu, (w)

W'z -/ wT M, wy/E,[ATM,A]

w' T — ngur, (w).

IV

st w'Z — g (w) = pr,
1"w =1, w = 0.

I

T N Tr _— -1
Equality-achieving perturbation: C, Ci =%, L, L; = M,

A' = _p M, 'w 331;1 u + v
! qar, (w) st ||Cowlly < u,
(A MA, =77, w A= —ngu,(w). [Lewl2 < v,
ety w' - = py,
) . . 1Tw=1, w > 0.
min Bolw ] = w2, — nqu, (w).
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